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Signal transduction pathways are characterized by complex biochemical reactions which involve a large number of
proteins. The availability and quality of experimental data pose challenges for identifying the role of individual proteins in
these pathways. To address this issue, this article formulates and solves an inverse problem to determine the dynamics of
transcription factors from fluorescence intensity measurements of green fluorescent protein (GFP) reporter systems. In the
presented approach, a model describing transcription and translation of GFP is discretized and concentrations of
transcription factor are estimated at discrete time points. Unlike previous studies, this approach has no restrictions with
regard to a particular shape of the profiles. However, the resulting inverse problem is ill-conditioned and requires the use
of regularization techniques. Two regularization methods—truncated singular value decomposition and
Tikhonov regularization—are investigated in this work and the characteristics of the results obtained are discussed in
detail. VVC 2012 American Institute of Chemical Engineers AIChE J, 58: 3751–3762, 2012
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Introduction

Transcription factors (TF) are key elements of signal
transduction pathways as they are involved in initiation of
the transcription/translation process leading to the formation
of new proteins in the cell. Thus, a quantitative description
of transcription factor dynamics can aid in understanding the
response of cells to external stimuli.1,2 The activation of TF
has been conventionally monitored using protein binding
methods like western blot analysis or chromatin immunopre-
cipitation. However, these techniques provide only qualita-
tive or semiquantitative data and are destructive measure-
ment techniques, i.e., the same sample cannot be monitored
continuously over time.

A number of researchers in the last two decades have
used fluorescence-based reporter systems for continuous and
noninvasive monitoring of gene expression and transcrip-
tional activity.3,4 Using these techniques, the underlying dy-
namics of TF cannot be directly monitored but the fluores-
cence of proteins, such as the green fluorescent protein
(GFP), observed from fluorescence microscopy or a fluores-
cent plate reader, can be used as an indicator of the
activation of TF. However, the relationship between the
concentration of the TF and the observed fluorescence is not
straightforward as it involves dynamic processes dealing
with transcription, translation, and post-translational modifica-
tion of GFP.4 A number of mathematical models describing

these processes have been developed,5–9 and these models
have been used for estimating the mRNA or transcription
dynamics from gene expression data. In one of the studies,10

the concentrations of the SOS transcriptional repressor for
the SOS DNA repair system in E. coli were estimated but
the post-translation modifications of GFP were not explicitly
taken into account in the dynamic model. Other works
assumed a certain nature of the dynamic profile of a com-
pound and then estimated the parameters to characterize the
profile.5,6,11 One drawback of this approach is that it restricts
the functional form of the estimated profiles. This type of
approach was later extended to several different functional
forms,12 however, a general approach for computing the
transcription dynamics has not been presented so far. Thus,
it is the main aim of this article to develop an inverse
problem formulation such that dynamic transcription factor
profiles of any shape can be estimated from the fluorescent
intensity profiles of fluorescent reporter systems.

A previously developed ordinary differential equation
(ODE) model11 which describes transcription, translation, and
fluorophore formation of GFP has been used in this work.
The input to this ODE model is the time-dependent concen-
tration of a transcription factor and the observed fluorescence
is treated as the output. Although this inverse problem
appears to be relatively simple at first glance as it only
involves one dynamic input, one dynamic output, and three
nonlinear differential equations, there are significant chal-
lenges that arise from the time scales of the input/output and
the time constants of the model as well as the noise level of
the measurements. The resulting discrete inverse problem is
also highly ill-conditioned. Because of this, it is one important
component of this work to investigate regularization schemes

Additional Supporting Information may be found in the online version of this
article.

Correspondence concerning this article should be addressed to J. Hahn at hahn@
tamu.edu.

VVC 2012 American Institute of Chemical Engineers

AIChE Journal 3751December 2012 Vol. 58, No. 12



which can deal with this ill-conditioned inverse problem and
also filter the effect of noisy measurements on the estimated
input profile. Furthermore, challenges arise since experimental
data might be missing or only available at large time intervals
when compared with the transcription factor dynamics. Both
these issues will also be addressed in this work.

Regularization has been widely used for solving ill-condi-
tioned inverse problems in a variety of areas including, but
not limited to, electrocardiography,13 geophysics,14 and elec-
trical impedance tomography.15 A number of regularization
methods for solving discrete inverse problems such as trun-
cated singular value decomposition (TSVD),16 Tikhonov regu-
larization,17,18 total least squares,19 and several iterative meth-
ods20,21 exist. Among these techniques, there is no method
that performs best for all types of inverse problems. Because
of this, the two most commonly used methods TSVD and
Tikhonov regularization—have been used in this work for the
solution of the presented inverse problem. These regulariza-
tion techniques have also been implemented with non-nega-
tive constraints to obtain transcription factor concentrations
which are biologically possible. This inverse problem has not
been previously investigated in a discrete regularized form,
thus it is not known that which regularization method is more
suited for its solution. Thus, a comparison of the results
obtained by the two methods is made in this work. The rea-
son for focusing on only these two regularization techniques
is that total least squares is intended for cases where the coef-
ficient matrix contains large perturbations22,23 while iterative
methods cater to large scale problems.20 However, these two
situations do not arise for this inverse problem dealing with
computation of the transcription factor profiles from fluores-
cent intensity profiles discussed in this article.

This work includes both the theoretical and the practical
aspects of including regularization for the solution of the dis-
crete inverse problem for computing transcription factor pro-
files. The next section discusses background material associ-
ated with the ODE model describing the transcription/trans-
lation process and a brief overview of regularization
methods is done. Then, the ODE model is recast as a linear
regression model and the theoretical formulation for apply-
ing regularization methods for the solution of the inverse
problem is discussed. The presented technique is illustrated
using two case studies. In the first case study, simulated data
is used to compare the results obtained for the two regulari-
zation methods. Then the technique is applied to experimen-
tal data for estimating the profiles of the transcription factor
STAT3. These data are available in the form of fluorescence
microscopy images obtained from the continuous stimulation
of hepatocytes with 100 ng/ml of IL-6.

Preliminaries

Model describing transcription, translation, and
activation of GFP

The overall scheme for activation of TF and the observed
fluorescence intensity in fluorescent protein reporter systems
is shown in Figure 1. Stimulation of signaling pathways by
cytokines leads to the activation of TF which translocates to
the nucleus of the cell. The TF bind to the DNA in the nu-
cleus and initiate the transcription/translation process which
leads to fluorescence via formation of fluorescent proteins.
Estimation of transcription factor dynamics from the fluores-
cence intensity profiles requires a model describing this tran-
scription/translation process.

An ODE model describing transcription, translation, and
activation of GFP9 is used in this work. This model consists
of three ODEs which result from the component balances of
the amounts of m-RNA, the nonfluorescent form of GFP, and
the fluorescent form of GFP. The model had been modified11

to take in account of the constant reporter DNA levels due to
stable integration of the reporter plasmid into the genomic
DNA and the effect of transcription factor concentrations on
the transcription rate. The resulting model is given by

dm

dt
¼ Smp

CTF

c þ CTF
� Dm m

dn

dt
¼ Snm � Dnn � Sf n

df

dt
¼ Sf n � Dn f

(1)

where CTF is the concentration of the transcription factor in the
nucleus, m is the mRNA concentration, n is the concentration
of nonfluorescent GFP, and f is the concentration of
fluorescent GFP. The parameters and their constant values
are Sm is the transcription rate which is constant for a
transcription factor and has a value of 373 h�1 for NF-kB and
has been re-estimated24 for STAT3 and C/EBP-b to be 548
h�1 and 329.35 h�1, respectively; p is the amount of DNA with
a value of 5 nM; c has a value of 108 nM; Dm is the constant
mRNA degradation rate that equals 0.45 h�1; Sn is the
translation rate and is equal to 780 h�1; Dn is the protein
degradation rate which equals 0.5 h�1; Sf is the fluorophore
formation rate which depends on the GFP variant used and it
has a value of 0.347 h�1 in this study.

The output of the system is the mean fluorescent intensity
I of a GFP reporter system and it is directly proportional to
the concentration of activated fluorescent GFP in the cells

I ¼ f=D (2)

where D has a value of 2.5562 � 104 nM. The initial
conditions for this system are m(0) ¼ 0 nM, n(0) ¼ 0 nM, and
f(0) ¼ 0 nM. Though, the mRNA levels of the fluorescence
proteins may be nonzero initially but the concentrations are
very low6 and thus they can safely be assumed to be zero. It is
the aim of this work to calculate the transcription factor profile
CTF from the measured fluorescent intensity I.

Review of regularization methods

A main challenge in solving discrete inverse problems is
that the problem can be ill-conditioned such that small pertur-
bations in the measurements can produce large variations in
the solution.21,25 Regularization procedures need to be included
in the regression formulation to ensure stable parameter

Figure 1. Dynamic scheme of signaling pathway and
gene expression process.
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estimates are obtained. In this regard, two commonly used reg-
ularization methods, i.e., TSVD and Tikhonov regularization,
are reviewed in this subsection as they will be used for solution
of the inverse problem presented in this article.

Assume that a linear regression model is given by

~y ¼ Hu þ e (3)

where ỹ [ Rp is the measurement vector, u [ Rq is the input
vector, H [ Rp � q is the transfer matrix, and e [ Rp is the
measurement noise. The measurement noise is assumed to be
Gaussian with zero mean and rank (H) ¼ r � min{p,q}.

The solution for the unknown u in Eq. 3 can be computed
by

bu ¼ Hþ~y (4)

where H
þ is the pseudo inverse of H. It can be evaluated as

Hþ ¼ ðHTHÞ�1
HT; p�q

Hþ ¼ HTðHHTÞ�1; p\q
(5)

where p � q indicates an over-determined system of linear
algebraic equations and the solution is obtained by using
ordinary least squares. For p \ q, the system is under-
determined and the minimum-norm solution for u has to be
calculated.

Truncated Singular Value Decomposition. The solution
shown in Eq. 4 can be represented in an alternate form by
calculating the singular value decomposition (SVD) of the
transfer matrix, H ¼ UWVT where U [ Rp�p, V [ Rq�q and
W [ Rp�q. These matrices satisfy

UTU ¼ Ip

VTV ¼ Iq

Wij ¼
nwi 8 i ¼ j

0 8 i 6¼ j

(6)

The diagonal entries of W are called the singular values of the
H matrix and are ordered as w1 � w2 � ��� wr [ 0. Then the
pseudo inverse of H can be calculated as

Hþ ¼ VWþUT (7)

where Wþ is the pseudo inverse of W, which can be evaluated
by doing the reciprocal of all nonzero diagonal elements and
transposing the matrix. Substituting Eq. 7 in 4, the solution can
be written in the following decomposed spectral form

bu ¼
Xr

i¼1

uT
i ~y

wi
vi (8)

where ui [ Rp and vi [ Rq are columns of U and V,
respectively. The components corresponding to small singular
values in Eq. 8 are responsible for large errors in the solution
of discrete linear inverse problems.21 Using TSVD regulariza-
tion, the solution is obtained by considering only the first k
components of the singular value decomposition correspond-
ing to large singular values

buw ¼
Xk

i¼1

uT
i ~y

wi
vi (9)

The choice of the regularization parameter k can be made on
the basis of the discrete Picard condition.16 According to this
condition, the numerator uT

i ỹ should decay faster than the
singular values wi such that the overall norm of the SVD
components |uT

i ỹ/wi| is small. For practical applications, |uT
i ỹ|

and the singular values are plotted for all the SVD components
of the sum given in Eq. 8 and truncation parameter is chosen
until the Picard condition is satisfied. Also, to obtain non-
negative solutions for quantities that cannot be negative,
additional non-negativity constraints need to be applied in the
regularization formulation. There have been few instances
when truncated SVD has been implemented with non-negative
constraints. These formulations range from simply setting the
negative values in the estimated solutions to zero26 to
mathematically more rigorous formulations involving quad-
ratic programming problem with bounds.27,28

Tikhonov Regularization. A least squares formulation
seeks to minimize the norm of the residual between the esti-
mated and the measured values given by kỹ � Huk2

2. Tikho-
nov regularization, also known as Ridge regression in statis-
tics,29 adds a regularization term to this residual, which
results in the following formulation

min
u

k~y � Huk2
2 þ kkLuk2

2 (10)

Here, k is a regularization parameter which denotes the weight
of the regularization term and Lu is a finite difference
approximation that is proportional to the derivatives of u.18

The term kLuk2
2 tries to minimize the effect of noise

components by minimizing the norm of the solution. This
term also aids in the solution of under-determined system of
algebraic equations by decreasing the degrees of freedom. The
explicit solution for this minimization problem is given by

buk ¼ ðHTH þ kLTLÞ�1ðHT~yÞ (11)

The regularization parameter can be chosen with the help of
the L-curve17 which is a plot of the norm of the residual vs. the
regularization term for various values of the parameter. The
two norms vary monotonically with the regularization
parameter with opposite trends and result in a L-shaped curve.
The parameter is chosen around the corner of this L-curve to
maintain a balance between the residual and the norm of the
solution. This rule of thumb results from the fact that little is
gained in terms of minimizing the norm of the solution by
increasing the parameter k from the one at the corner value, or
with respect to minimizing the residual by decreasing k
significantly below the corner value due to the characteristic
L-shape of the curve.

Tikhonov regularization has commonly been applied with
non-negative constraints.30,31 This involves adding the fol-
lowing bounds to the formulation shown in Eq. 10

u�0 (12)

This results in a quadratic programming problem that can be
solved with the aid of optimization solvers that are now
commercially available.

Procedure for Solving the Inverse Problem to
Obtain Transcription Factor Profiles

This section formulates the inverse problem for estimating
transcription factor profiles from fluorescence intensity pro-
files. The continuous time ODE model describing
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transcription and translation is discretized and expressed as a
linear regression model. Using this model, regularization
methods are applied to estimate the transcription factor dy-
namics. The problem formulation also takes into account
that experimental data are often only available at a few time
points and can have missing data values.

Inverse problem formulation

The aim of this work is to compute the transcription factor
profiles from fluorescence intensity measurements regardless
of the specific nature of the profile. This inverse problem
can be formulated as a data fitting optimization problem of
the following form

min
ĈTFðtÞ

Xm

i¼0

ð~yi � yiÞ2

s:t: yi ¼ gðĈTF;TiÞ 8 Ti ¼ fT0;T1;…;Tmg
t 2 ½t0; tn�

(13)

where ĈTF(t) is the continuous transcription factor profile for t
[ [t0,tn], ỹi is the discrete fluorescence intensity measurement
at time Ti, yi is the estimated intensity at time Ti using ĈTF(t)
and the model describing the transcription/translation process
given by Eqs. 1 and 2. This dynamic model is denoted by yi ¼
g(ĈTF,Ti). The range of the time interval in which measure-
ments are available is [T0,Tm] and consists of m þ 1 sampling
points. The sampling step size for these measurements need
not be uniform in this formulation.

The optimization problem (13) is nontrivial to solve as the
equality constraint consists of 3 ODEs (see Eq. 1). This contin-
uous formulation would result in an infinite dimensional
inverse problem. To avoid this, if a functional form is assumed
for the profile of ĈTF(t), it would restrict the shape of the esti-
mated profiles. Thus, a different approach is used in this work.
It is assumed that the profile for ĈTF(t) is piecewise constant
over a discretization interval and only changes between the dis-
cretization points. Furthermore, the ODE model representing
the first constraint is discretized resulting in algebraic equations
describing the model. Thus, the transcription factor profile is
discrete and its values are estimated at each discrete time point.
It should be noted that the discretization of the transcription
factor profile does not have to be the same as the time points at
which measurements are available.

Discretizing this particular model is aided by the fact that
the model is a Hammerstein model which consists of a static
input nonlinearity coupled with a linear dynamic system.
Using the substitution

uðtÞ ¼ CTFðtÞ
c þ CTFðtÞ

(14)

eliminates the nonlinearity in the model given by Eqs. 1 and 2
and results in the linear dynamic system

dm

dt
¼ Smpu � Dmm

dn

dt
¼ Snm � Dnn � Sf n

df

dt
¼ Sf n � Dnf

(15)

y ¼ f=D (16)

where y is substituted for the output fluorescent intensity I.
This system can be represented in the state-space form as

_xðtÞ ¼ AxðtÞ þ BuðtÞ
yðtÞ ¼ CxðtÞ þ eðtÞ

(17)

where the measurement noise is denoted by e(t) and state
vector and system matrices are given by

x ¼ ½m n f �T (18)

A ¼
�Dm 0 0

Sn �Dn � Sf 0

0 Sn �Dn

264
375

B ¼ ½Smp 0 0�T

C ¼ ½0 0 1=D�

(19)

As the system given by Eq. 15 is a linear dynamic system, it
has a closed-form solution given by

yðTÞ ¼ C

Z T

0

eAðT�sÞuðsÞds B (20)

which can be used for discretizing the model.
The input u(t) to the system is discretized and is assumed

to be constant between two consecutive time points where
discretization was performed according to the scheme
shown in Figure 2. If the input and the output are sampled
at different times as shown in Figure 2, then the discrete
output is

yðTiÞ ¼ C

�Xk

j¼1

Z tj

tj�1

eAðTi�sÞuj�1ds

þ
Z Ti

tk

eAðTi�sÞuk ds

�
B for tk\Ti�tkþ1

¼
Xk

j¼1
C

Z tj

tj�1

eAðTi�sÞds

 !
B uj�1 þ C

Z Ti

tk

eAðTi�sÞds

� �
B uk

(21)

This solution can be represented in the form of a linear
regression model as described in Eq. 3, in which the transfer
matrix H, the output vector y, the input vector u, and the noise
vector e are given by

Hij ¼
Cð
R tj

tj�1
eAðTi�sÞdsÞB tj\Ti

Cð
R Ti

tj
eAðTi�sÞdsÞB tj�1\Ti�tj

0 Ti�tj�1

8><>: (22)

y ¼ ½y0 y1 � � � ym�T

u ¼ ½u0 u1 � � � un�1�T

e ¼ ½e0 e1 � � � em�T
(23)

The above formulation does not require the measurements to
be available in the same time interval as the input. However, if
the measurements are available in the interval [T0,Tm], the
input can be calculated for the interval [t0,tn], such that tn �
Tm. In this formulation, the discrete values of the output
fluorescence intensity y are directly related to the input u

which is a function of the transcription factor concentration
(see Eq. 14). The H [ R(m þ 1) � n matrix usually has more
columns than rows, i.e., n[m þ 1, because experimental data
are available only at a few time points but the input profile
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needs to be estimated at several points in time. If any data
values are missing, the corresponding row can be removed
from the transfer matrix and the input vector remains
unchanged. The method for evaluating the integrals shown
in Eq. 22 is given in the Appendix.

The optimization problem from Eq. 13 can now be formu-
lated as

min
fcTF jgj¼n�1

j¼0

Xm

i¼0

ð~yi � yiÞ2

s:t: yi ¼ Hiu 8 i ¼ f0; 1…;mg

uj ¼
CTFj

c þ CTFj
8 j ¼ f0; 1;…; n � 1g ð24Þ

where yi ¼ y(Ti), uj and CTFj
are the constant values of the

input and the transcription factor in the discrete interval tj � t
� tj þ 1 and Hi [ Rn is a row of the transfer matrix evaluated in
Eq. 22. This formulation includes algebraic equality con-
straints instead of the system of ODEs which had to be solved
for the original formulation in Eq. 13. This inverse problem is
found to be highly ill-conditioned. Because of this, there is a
need to include a regularization procedure for the solution of
this inverse problem.

Application of regularization methods and solution of
the inverse problem

This section explains how regularization methods have
been integrated into the solution of the inverse problem for
computing transcription factor profiles from fluorescence in-
tensity profiles and the inverse solution has been calculated.

Discretization of the continuous ODE model results in an
under-determined linear regression model given by Eqs. 22
and 23. This under-determined system forms a part of the
optimization problem described by Eq. 24. This optimization
problem has been transformed to solve for the unknown
input u instead of CTF such that the following formulation is
obtained

min
u

k~y � yk2
2

s:t: y ¼ Hu
(25)

where ỹ ¼ [~y1,~y2,…,~ym]T, y ¼ [y1,y2,…,ym]T and u is
given in Eq. 23. Transcription factor profiles are then

obtained from the estimated input using the transformation
from Eq. 14

CTFðtjÞ ¼ c
uðtjÞ

1 � uðtjÞ
8 t0�tj�tn�1 (26)

Regularization has been used to decrease the effect of ill-
conditioning due to discretization to obtain stable solutions for
the input profiles. It also decreases the effective number of
parameters to be estimated and thus aids in finding the solution
for under-determined system of equations. The first derivative
of the input—u is regularized instead of the input u because it
performs better for the presented inverse problem. Regulariz-
ing u places a constraint on large variations in the slope of the
estimated input profiles and it can be calculated as

u ¼ L u (27)

where L is a finite element approximation matrix of the first
order derivative

L ¼

1 0 0 0

…

�1 1 0 0

..

. . .
. ..

.

0 0 1 0

…

0 0 �1 1

2666666664

3777777775
n�n

(28)

The transfer matrix will also need to be modified accordingly

H ¼ HL�1 (29)

resulting in

min
u

k~y � yk2
2

s:t: y ¼ Hu
(30)

The regularization methods are applied to the least squares
formulation given in Eq. 30 which replaces Eq. 25. The
transcription factor concentrations are calculated from u as
described below.

Truncated SVD. The TSVD solution of the inverse prob-
lem for u is evaluated by truncating the singular value
decomposition of H at the appropriate truncation parameter.
The solution is given by

uw ¼
Xk

i¼1

uT
i ~y

wi
vi (31)

where ui and vi are columns of U and V and wi are the singular
values of H from

H ¼ U W V
T

W ¼ diag ðw1; � � � ;wrÞ
(32)

where r ¼ rank(H). The truncation parameter is chosen from
plots of uT

i ỹ and wi vs i, as the maximum value of i until the
Picard condition is satisfied. Then the input and the
transcription factor concentrations are calculated as

uw ¼ L�1uw

CTFwðtjÞ ¼ c
uwðtjÞ

1 � uwðtjÞ
8 t0�tj�tn�1

(33)

Figure 2. Discretization of the ODE model with zero-
order hold for the input.
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Tikhonov Regularization. The Tikhonov regularized solu-
tion for u is calculated by solving

min
u

k~y � H uk2
2 þ kkInuk2

2 (34)

which results in

uk ¼ ðHT
H þ k InÞ�1ðHT

~yÞ (35)

where In [ Rn � n is an identity matrix. The regularization
parameter k is determined from the L-curve plotted from the
values of the residualkỹ�Hukand the regularization termkInuk
at the solution for various values of k. The regularization
parameter is then chosen close to the corner of this L-curve. The
inputandthe transcription factorconcentrationsarecalculatedby

uk ¼ L�1uk

CTFkðtjÞ ¼ c
ukðtjÞ

1 � ukðtjÞ
8 t0�tj�tn�1

(36)

Estimation Error. It is not known a priori which of the
two investigated regularization methods is more suitable for
the solution of the inverse problem posed in this article.
Thus, both regularization methods have been applied and a
comparison of the results has been done. The comparison is
performed based upon the Relative error (RE)

RE :
kXestimated � Xactualk

kXactualk
� 100 (37)

where X is the quantity to be estimated. To ensure a
meaningful comparison, the optimal values of the regulariza-
tion parameters have to be determined from the Picard plot or
L-curve for each case.

Regularization with non-negativity constraints

In this subsection, the solution of the inverse problem is
evaluated by imposing additional constraints in the optimiza-
tion formulation (30). For the estimated transcription factor
profiles to be physically feasible, the concentrations at each
time instant should be non-negative.

CTFðtjÞ�0 8 t0�tj�tn�1 (38)

Since CTF(tj) ¼ c
uðtjÞ

1�uðtjÞ V t0 � tj � tn�1 and c � 0 the above
constraint translates to

uðtjÞ�0 8 t0�tj�tn�1

uðtjÞ�1 8 t0�tj�tn�1

(39)

In formulation (30), uj has been estimated. Given that uj ¼
uj � uj�1 the above constraints can be written asXj

k¼1
uk�0 8 j ¼ f0; 1;…; n � 1gXj

k¼1
uk�1 8 j ¼ f0; 1;…; n � 1g

(40)

These constraints have been included when solving the
inverse problem using Truncated SVD and Tikhonov
Regularization techniques. The resulting formulations are
discussed below.

Truncated SVD with Additional Constraints.

minu;y k~y � yk2
2

s:t: u ¼ Ky

R u�0

R u�1

(41)

where R is a lower triangular matrix such that the inequality
constraint incorporates the constraints in Eq. 40

R ¼
1 � � � 0

..

. . .
. ..

.

1 � � � 1

24 35
n�n

(42)

K is the pseudo-inverse of the H matrix which has been
truncated at the appropriate truncation parameter. It is given by

K ¼
Xk

i¼1

viu
T
i

wi
(43)

The truncation parameter k is chosen from the Picard condition
as described before. The formulation given in (41) is quadratic
programming problem. It has been solved by using the solver
‘‘quadprog’’ in MATLAB. Then the transcription factor
concentrations are calculated as described in Eq. 33.

Tikhonov regularization with Additional Constraints.

min
u

k~y � yk2
2 þ kkInuk2

2

s:t: y ¼ Hu

R u�0

R u�1

(44)

This formulation for Tikhonov Regularization was also solved
by using the solver quadprog in MATLAB. Then the
transcription factor concentrations are calculated from Eqs.
36. The regularization parameter k is chosen by examination
of the L-curve plotted by using the solution of the above
formulation.

Case Studies and Results

In this section, the presented procedure for computing the
transcription factor profiles from fluorescence intensity data
have been applied to simulated and experimental data. The
effects that different regularization techniques and the choice
of regularization parameters have on the estimated input pro-
files are discussed in detail.

Case study 1: simulated data containing Gaussian noise

The data used in this subsection were created by simula-
tions, thus the real transcription factor profiles are known for
this case. The next subsection describes application of the
procedures to experimental data for which the transcription
factor profiles are not known.

The simulated data were created by assuming a certain
profile for the transcription factor concentration and then
computing the fluorescence intensity profile resulting from
this transcription factor profile by solving Eqs. 1 and 2.
Gaussian noise was added to the fluorescent intensity profile
to create a more realistic data set. These data are used to
solve the inverse problem using both regularization methods.
The estimated profiles are compared with the original
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assumed profiles of TF to validate the accuracy of results
using the RE. As it is not possible to make comparisons for
every potential input profile, the simulated data were com-
puted for a transcription factor profile of the following form

CTFðtÞ ¼ Að1 � e�at cosðtÞÞ (45)

where A and a are parameters and t0 � t � tn. This profile
represents decaying oscillations which is one of the common
dynamics exhibited by TF. The value of A and a were assumed
to be 40 and 0.3, respectively. Using this form of the
transcription factor dynamics, the ODE model was simulated
from t0 ¼ 0 to tn ¼ 21 hours. The sampling time for the inputs
was chosen to be Dt ¼ 0.25 hours but the fluorescence
intensities data were sampled hourly. This results in a transfer

matrix H [ R21 � 84. Also, note that the parametric form of the
transcription factor profile shown in Eq. 45 was assumed
solely for data creation purposes and the procedure for solving
the inverse problem has no knowledge about this profile.

For illustration purposes, the measurements were initially
simulated by adding only a small amount of random Gaus-
sian noise �N(0,0.2). When no regularization has been
applied for the solution of this inverse problem, the curve
shown in Figure 3a is obtained. This solution was obtained
by finding the pseudo-inverse of H using ‘‘pinv’’ in MAT-
LAB. The estimated transcription factor profile is highly er-
roneous with a RE of 71.5% and the estimated intensity
profile, shown in Figure 3b, fits the noisy data well with a
RE of 1.04e-13%. Thus, to prevent this over-fitting and fil-
ter off the noisy components in the estimated input profile,

Figure 3. Solution of inverse problem using pinv in MATLAB for measurements containing noise 2N(0,0.2) (a) esti-
mated TF profile (b) estimated intensity profile.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Solution of inverse problem by TSVD for measurements containing noise 2N(0,0.2) (a) Picard plot with
the optimal truncation parameter of 9 (b) estimated transcription factor profile for k 5 9 (c) estimated
profile with a truncation parameter k 5 11 (d) estimated profile with a truncation parameter k 5 7.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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there is a need for regularizing the solution of this inverse
problem.

To address over fitting, TSVD was applied to solve the
inverse problem. The truncation parameter was found using
the Picard condition by plotting the singular values, uT

i ỹ and
|uT

i ỹ/wi| in a semilog plot as shown in Figure 4a. The trunca-
tion parameter was chosen to be 9 from the Picard plot as
the value of the numerator was found to decay at a rate
higher than the singular values until approximately the pa-
rameter 9 after which it appears to level off. The estimated
profile for the optimal parameter on the basis of the Picard
condition is shown in Figure 4b and it results in a RE of
3.68%. For comparison purposes, the estimated profiles using
truncation parameters of 11 and 7, instead of the optimal 9,
are shown in Figures 4c, d, respectively. It can be seen that
the optimal truncation parameter chosen using the Picard
condition results in an estimated profile which is a better
representation of the actual profile than if other values of the
truncation parameter are used. If the truncation parameter is
chosen larger than the optimal value, then the computed
response is more oscillatory than the real response with a
RE of 6.20%. Similarly, if the truncation parameter is cho-
sen to be smaller than desired, then some of the dynamics of
the input cannot be correctly reconstructed resulting in a RE
of 6.87%. Also, the non-negativity constraints are redundant
for this transcription factor profile as the estimated concen-
trations are safely above zero. So, the problem formulations
without the non-negativity constraints were implemented for
estimating the transcription factor profiles for the simulated
data.

Tikhonov regularization is applied to the same problem
for comparison purposes. The regularization parameter, i.e.,
the value at the corner of the L-curve was found to be �150
(Figure 5a). Using this regularization parameter, the esti-
mated profile (Figure 5b) gives a low RE of 4.22%. Thus,
the results are comparable to what was found using TSVD
for regularization for the case where only a small amount of
noise was present in the data.

Solution of this inverse problem with a larger noise level
has also been performed. One such simulated measurement
data set containing random Gaussian noise �N(0,1) is shown
in Figure 6. This noise level is more realistic for biological
measurements.

When applying truncated SVD to this data set, the optimal
truncation parameter was observed to be 6 from the Picard

plot (Supporting Information, Figure 1a). The estimated pro-
file shown in Figure 7a has a RE of 11.1%. In the estimated
profile, the first peak of the profile is underestimated and the
positions of the subsequent peaks are misplaced. Thus, trun-
cated SVD does not perform as well for this example where
a larger amount of noise is present in the measurements.
Similar observations have been made for even larger noise
levels, even though, these results are not shown here.

When Tikhonov regularization was used, the results are
also not as good as for the low noise level case, however,
they results are better than what was achieved by TSVD for
this case. Using a regularization parameter of �1500,
obtained from the L-curve (Supporting Information, Figure
1b), the computed transcription factor profile resulted in the
curve shown in Figure 7b which has a RE of 8.33%.

Comparison between truncated SVD and Tikhonov
regularization using Monte Carlo simulations

Although the above shown comparisons include a signifi-
cant amount of detail to explain the methods, they do not
allow to draw broad conclusions as only a few specific cases
were investigated. This section presents Monte Carlo simula-
tions to provide a detailed comparison between truncated

Figure 5. Solution of inverse problem by Tikhonov regularization for measurements containing noise 2N(0,0.2) (a)
L-curve (b) estimated TF profile using regularization parameter of 150.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Simulated data containing random Gaussian
noise 2N(0,1).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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SVD and Tikhonov regularization for this inverse problem.
Ten thousand data sets were simulated for noise levels of
N(0,0.2) and N(0,1) and the inverse problem was solved for
each case. The transcription factor profile was assumed to be
same as given by Eq. 45. The estimated profiles do not vio-
late the non-negativity constraints and thus these constraints
were not used for solving the inverse problem for Monte
Carlo simulations. The mean squared error, fitting error,
squared bias and variance have been calculated from the
estimated input profiles according to the following equations

Fitting error ¼ trfE½ðy � ~yÞðy � ~yÞT�g
Mean square error ðMSEÞ ¼ trfE½ðĈTF � CTFÞðĈTF � CTFÞT�g

Bias2 ¼ trfðE½ĈTF� � CTFÞðE½ĈTF� � CTFÞTg
Variance ¼ trfE½ðĈTF � E½ĈTF�ÞðĈTF � E½ĈTF�ÞT�g ð46Þ

where CTF is the actual transcription factor concentration,
tr{�} is the trace operator and E[�] is the expectation. Each
data set were used to solve the inverse problem over a range
of regularization parameters for each regularization method
to obtain the optimal value of the parameter, i.e., the
parameter that gave the lowest mean squared error. The
results are shown in Table 1 for low amount of noise
corresponding to N(0,0.2) and in Table 2 for higher amount
of noise as represented by N(0,1). The optimal choices of
regularization parameters are highlighted in bold for each

regularization method. The regularization parameter for
Tikhonov regularization were increased in steps of 2.5 and
rounded off to the nearest integer. The inverse problem has
also been solved by determining the pseudo-inverse of the
transfer matrix using pinv in MATLAB, i.e., without using
the regularization techniques.

It can be seen from these results that Tikhonov regulariza-
tion results in �26% smaller MSE than truncated SVD for
data containing N(0,0.2) Gaussian noise and 10% smaller
MSE for the N(0,1) noise data. Moreover, both of these
methods result in significantly larger MSE when the simu-
lated data contained a large amount of noise, as shown in
Table 2. The MSE for the solution by pinv is very high in
both the cases and the fitting error is almost zero.

There are also some general observations that can be
made about the regularization methods. For instance, the
bias decreases but the variance increases when the truncation
parameter is increased in truncated SVD. The reason for this
is that the effective number of parameters increase and,
therefore, more parameters are estimated. The same effect is
caused by decreasing the regularization parameter in Tikho-
nov regularization. Also, the fitting errors for both the regu-
larization methods increase with the amount of regularization
as regularization tries to decrease the fit of the estimated
profiles to the noisy measurements.

Furthermore, the error bounds of the estimated transcrip-
tion factor concentrations have been calculated to illustrate
the variability in the estimated profiles. The following

Table 1. Results from Monte Carlo Simulations of 10,000
Simulated Data Sets Containing Noise 2N(0,0.2)

Parameter Used MSE Fitting Error Bias2 Variance

TSVD
6 699.96 1.05 639.61 61.41
7 663.58 0.85 549.03 114.73
8 475.84 0.60 246.09 229.10

9 543.88 0.50 137.99 407.23
10 846.59 0.45 119.24 727.58

Tikhonov
25 922.05 0.35 77.97 844.61
63 499.50 0.43 87.77 411.85
156 350.66 0.54 147.77 202.48

391 388.49 0.74 286.64 101.53
977 570.18 1.23 518.11 52.20
2441 933.32 2.81 905.99 27.44

‘pinv’ solution 2.80E þ 05 2.26E � 26 6370.488 2.74E þ 05

Results from Monte Carlo Simulations of 10,000 Simulated Data Sets Con-
taining Noise �N(0,0.2)

Figure 7. Estimated transcription factor profiles for simulated data containing 2N(0,1) a) Using TSVD b) Using
Tikhonov regularization.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 2. Results from Monte Carlo Simulations of 10,000
Simulated Data Sets Containing Noise 2N(0,1)

Parameter Used MSE Fitting Error Bias2 Variance

TSVD
3 8028.72 63.79 7845.07 190.78
4 3313.80 24.60 2980.80 336.96
5 1754.91 16.73 965.97 787.18

6 2155.98 15.39 643.19 1515.10
7 3431.29 14.23 524.23 2928.95

Tikhonov
375 2919.28 12.78 283.89 2641.68
938 1839.01 14.32 504.73 1332.10
2344 1578.65 16.81 879.46 697.19

5859 1954.84 22.63 1576.03 374.96
14,648 3004.21 37.75 2793.19 211.24

‘pinv’ solution 2.81E þ 13 2.40E � 26 4.01E þ 11 2.77E þ 13

Results from Monte Carlo Simulations of 10,000 Simulated Data Sets Con-
taining Noise �N(0,1)
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equation is used for calculating the standard deviation (SD)
of the transcription factor concentrations at each time point

eðtiÞ ¼ ðdiagfE½ðĈTF � E½ĈTF�ÞðĈTF � E½ĈTF�ÞT�giÞ
1
2 8 ti 2 ½to; tn�

(47)

where e(ti) refers to the standard deviation for the transcription
factor concentration estimated at time ti and diag{�}i refers to
the ith element of the diagonal of the matrix. The estimated
profiles for the noise level �N(0,0.2) and the error bars are
shown in Figure 8. The length of the error bars is 2 e(ti) and the
expected profile and the error bars are corresponding to the
regularization parameter that resulted in the lowest MSE for
each regularization method. For the noise level �N(0,0.2), the
standard deviations were within 4.5% and 3.7% of the
expected value of the transcription factor profiles calculated
using TSVD and Tikhonov regularization, respectively. This
calculation excludes the errors obtained for the last few hours
of the data which are significantly larger than for the rest of the
profile. The reason for this is that transcription, translation,
and post-translational modification requires a certain amount
of time to take place and transcription factor concentrations
that are computed towards the end of an experiment would
largely be affected by fluorescence intensities which are
occurring after an experiment has concluded. Therefore, the
TF concentrations for the last few hours cannot be accurately

estimated from the intensity data available for the same time
range.

Case study 2: application to experimental data using
non-negativity constraints

The previous case study illustrated in detail the effects that
different choices of regularization parameters have on the so-
lution of the inverse problem using simulated data. However,
the most important test is to apply the procedure to experi-
mental data to determine if the procedure will return satisfac-
tory results. The experimental data are available in the form
of a series of fluorescent images of a GFP reporter system
(Figure 9a) taken during the course of the experiment. The
images have been analyzed to remove noisy pixels and obtain
a time-dependent mean fluorescence intensity profile.11 These
data are used to estimate the dynamic profiles of transcription
factor by solving the inverse problem.

For this case study, experimental data were obtained for
the transcription factor STAT3 by continuously stimulating
liver cells with 100 ng/ml of IL-6 using a previously devel-
oped procedure.24 The fluorescent microscopy images were
taken every 45 min for a period of 22 hours at multiple posi-
tions in the well. The mean fluorescence intensity of the
images at each time instant were calculated11 and are shown
in Figure 9b. The shown profile was used to solve the
inverse problem to obtain profiles for STAT3. It can be seen

Figure 8. Expected value of TF profile for noise level of N(0,0.2) with error bars representing 6 SD using (a) trun-
cated SVD (b) Tikhonov regularization.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. (a) Sample image obtained from fluorescence microscopy of a GFP reporter system (b) fluorescence in-
tensity profile obtained for IL-6-STAT3 system.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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from these data that the experimental measurements contain
a significant amount of noise and regularization should be
applied to prevent over-fitting.

It is known that the initial dynamics of the transcription
factor STAT3 shows a rapid increase followed by a steep
decrease. The reason for this is that cytoplasmic STAT3 is
activated and translocates to the nucleus after few minutes
of stimulation with IL-6.32–34 Thus, the input was discretized
for a sampling time of 15 min to be able to infer the initial
dynamics, but the sampling time was also not chosen to be
too small to ensure that the inverse problem does not grow
very large in size as output data were available for a time
period of 22 hours. In addition, the STAT3 concentrations
cannot be negative, the two regularization techniques were
applied along with non-negativity constraints. If non-negativ-
ity constraints are not used, the estimated STAT3 profiles
using both TSVD and Tikhonov regularization attain nega-
tive values at a number of time points (Supporting Informa-
tion, Figure 2).

The optimal truncation parameters for this data were
found to be 9 for TSVD and 350 for Tikhonov regularization
from the Picard plot and L-curve, respectively (Supporting
Information, Figure 3). It can be seen from the estimated
results shown in Figure 10 that the STAT3 profile is oscilla-
tory in nature with a large initial peak followed by a smaller
peak at around 5–6 hours and potentially another peak at
around 10–11 hours. These results are consistent with West-
ern blot data as well as simulation results of the IL-6 signal
transduction pathway given in the literature.34,35 Although
the solution of the transcription factor profile involving
TSVD suggests similar locations of the peaks as the solution
involving Tikhonov regularization, the TSVD solution
appears to be more oscillatory.

Furthermore, the results returned by TSVD suggest that
the ratio of the peak concentration of STAT3 between the
first and the second peak is �4 whereas the ratio between
the concentrations of the first and the second peak is �5
when Tikhonov regularization is used. Simulation studies of
the JAK-STAT pathway36 suggest that the ratio of the first
and the second peak is �5 which is more consistent with
results returned by Tikhonov regularization. Moreover, the
concentration profiles of the TF estimated using TSVD are

almost zero at a certain time points which goes against what
one would expect for this system.

Conclusions

This article presented a general method for extracting tran-
scription factor profiles from fluorescence intensity profiles.
This technique involves formulating and solving an inverse
problem which directly relates the output of a GFP reporter
system, i.e., the fluorescent intensity, to the input which is a
function of the transcription factor concentration. The proce-
dure used in this work places no restrictions on the shape of
the input, unlike previous studies, where the transcription
rates or transcription factor profiles had to be of a certain na-
ture.5,11 This was achieved by discretizing the input at cer-
tain points in time and then solving an inverse problem
which computes the transcription factor concentration at
each discrete time point.

As this inverse problem can be ill-conditioned, regulariza-
tion procedures play a key role to ensure that the results are
stable in the presence of measurement noise and model uncer-
tainty. Two regularization methods, truncated SVD and Tikho-
nov regularization, were applied for this purpose. These regula-
rization techniques have also been implemented along with
non-negativity constraints to obtain transcription factor profiles
which are physically possible. The techniques have been illus-
trated in two case studies where the transcription factor profiles
have been computed from fluorescence intensity data using
regularization. The first one considered simulated data with
known inputs while the second study involved experimental
data. Both methods performed satisfactorily in these case stud-
ies; however, there is an indication that Tikhonov regulariza-
tion outperformed TSVD for the presented inverse problem.
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Notation

GFP ¼ green fluorescent protein
GLS ¼ generalized least squares
IL-6 ¼ interleukin-6

MSE ¼ mean squared error
nM ¼ nano molar

ODE ¼ ordinary differential equation
RE ¼ relative error
SD ¼ standard deviation

STAT3 ¼ signal transducer and activator of transcription 3
SVD ¼ singular value decomposition

TF ¼ transcription factor
TSVD ¼ truncated singular value decomposition
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Appendix: Evaluation of the Transfer Matrix H

The integrals in Eq. 22 are evaluated using eigenvalue
decomposition of A

A ¼ RKR�1

eA ¼ ReKR�1

where

K ¼
K1 0

. .
.

0 Kq

264
375; Ki’s are the eigenvalues of the A

matrix and the columns of the R matrix are the eigenvectors.

The integrals can be evaluated asZ b

a

eAðT�sÞds ¼
Z a

b

eAðT�sÞdðT � sÞ

¼
Z T�a

T�b

eAsds ¼ R
Z T�a

T�b

eKsds

� �
R�1

¼ R

R T�a
T�beK1sds 0

. .
.

0
R T�a

T�beKqsds

2664
3775R�1

¼ R

1
K1
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. .
.

0 1
Kq
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